
forms&Keeoperatorscongreobgroups I

Let 9 e20 and let

+ (q) = (e = S(2(2) = T :
w = (bi) modq3

which is called the Principal ageorpl9
↑(q) SLz(Z) since ne have the exact seance-

moda Explain
1 -> +(a) She(z)- Sh(z/g2)-> 1 exact

where the only non trivial part is surjectivity (Exercise Sequence

Then [Ste(z) : + (a)) = # S(z(z/qz)(93-
P+ u = (2) e Stz(4/q2)

then ad - bc + hq = 1 = (cd- q) = 1
and for each now (c all

, 59 solution to ad -ba = 1 (g)
,Since (d

, g) = 1 => a = ( + bc)d mdg
Fence ISLn(*/92)

↳ al values is b i a one

= 9/5(d) moda st (d, q) = 13Eliminate
= g(q-[()" +Eli) -

[ (p) +)P(q PP2)9 P1P2P319
= 92m(r)(f)2
rig4 Moebius

~ runs over SF divisors with a sign

Eall [f(r) is a mult
-

fct when - is since for Ch=
there is a bijection between Inne and

pairs (disdeb d
, I n

,
& de Inz

Than

9 ucr(f) =

qi f(D +f(p) + f(pz) + .. + f(pV()
P19

with f(rc = Mor (f) 2
=

q + q- (f) = 3)-)↑ 19
f(1) -(p)



2

-us T
(2)

↑ = Sz : (2) > / & - < X * 3 is a fundamental domain

Of course
, OF for any TE SLCE) also

F(b !)

s = (ib)n
Image of Oy
-

Wooin each fundamental
-domain
-

S(oo = 0
, TS(00) = 1

TS (00) = -12

He then define cusp = 2003S3 = IP'(Q)
and NE Sh() acts on IPCQ) by Ut=
For any + SLz(z),

the set of inequivalent
cusps in

Then
,
there is only one equivalent cusp forry() which is oo is we take F

,
SG(z)

or O if we take SF etc
-

lemma
-

k+ (a
,b) =k(d) = 10(b) = (q) mod g .

Then FWE + (q)
* (j) =x(j)

since (a< b) = 1

prof(q) = (b) cuspatos .
Then a = 1 (q) = 7 MV stan - bv = (a)

9
and w = (99u) e T(q) is the matrix a W(j) = (b)



when (j) = (b). 3

In general , take integers vs It cr + dS = 1 and

= (i)
.

Men =(b) = (i) = (g) moda
or =

=

(g) = (b) mdq = =We v(j) = T
+

(b) beau
= Tw(j) = (5) =

w=
In facts we com prove that ifand equivalent under T(q)
25wE +(q)st v(a) = (8)
= = (f) = (c)(q)
If g is odd them (b) To (g) ,

and then it suffice to

Cont
# [(d) mod q : (c

,
d

, q) = 13 =# inequivalent
cusps & T(q)

= g2T(l-p-2) by the abee



Def Any subgroupo SLzCE) containing TCg) is called a congruence 4- -

Tbgroupof Levee g .
For example

Tola = [Sh(z) : v= (* ) modg 3 Heck
congruence subgorp

Tlgb = (e) : we
(b * ) mod 93

Rep A set of representative for (SLz(z)
&

To(q) - O To(g) r is given by

( **) S(z(z)
reR(SLz(z)

RemartThe rotation ** means
-

once you have u and was decribed (which are

with vIg and 0x4x&
cprime) , choose any m , not muthv = /V

Hencethe index is
and take mu(nv)

vq= [S(z(z) : ro(a)] =

9p( + +)
# (88)(j) = ) * *

ratic Ub +d) =:) *)
I ↓

To (q) SLe(2) #(a)
->

alsoprime
toa

since
To(q)4

Shel

and g(d(vb + 2d
- 9) = gcd(bdq) = gc(dq)

-

= gcd(v> q)

and by taking a suitable (8) ,
we canhaveb +btea) e v1q

All solutions & W'b + 6'd = v are given by W = W + dt Comparameter
6 = 8-bt family )

for t being any value t = 0 ( * ),
to insure that $' = 0 (g) ·

This sends u to u = U + + ,
so he can change h mod

#the index JSL(E) : Tolgi] = &/u(mod) : care = 13)
vie

= a

pd + (pd+
- pd

-

2) + (pd+

- pd-

3) + 00 + ( - D + 1
V= 1

umoda &
V= P ↓ ↑
umodpd- V= pC

-

V-P
G

umod I- S+ (u
, p2)= 1



FundamentalDrain So

Let + be a congruence subsorp of SL(*) , and R a set
coset

grepresentatives for /L(*)
.

Then the set

Dr = &e(D) , where D is a fundamental domain for SLaCE)
VER

jeYze1)
, JUGtaW(z)EDUODrisafD fort

,

-

Moreover
, J is unique up to multiplication of an element of

↑ 15113
,
except possibly if NZE ODi

Proof z-8) and zoED
> USESLCE) z = Noto

where So=-"r
, Ner, ER

=> Uz = Nozo = No
+

vzo = uzoE Dr .

Suppose that WisWe + and Wiz
, Waz ED+ .

To show W = u da
,

he

MuenFr
,, re E Re Wize riD (ri)"WizED SEBeto

If Wiz ODr ,
then (ri)"Wiz &D

,
and since

Stab(z) in D is [I (bi)3 ~while Stab(i) = < S]

=> (r2)" We Wi r, EFI3
Stab (w), Stab (w+ 1)

- 1

2#) we = =Br,"E)R
.

T nT
an < STY

,
< TSL

order 6 J
= 571nT A

#rolamentalDomain then
, a fundamental domain for

Se is UsF),
for any set of repr for ASL(E).

(to(q)
GER and 1221 = ve

=9) + +)

Ex To(2)vz = 2(1 +z) = 3
(4)ItvI9 and a mod &prime

0 = !
-presentative &(p) (ii) ( . 2 (3

001 00 0 + 1 00 0

I S ST

#therrepresentatives [(bi)
, (i)

,
(ii)3

ooft of do to of O



-o has width 3 So
equivalentcusps

Another fundament al-region : Fr SFUSTA

I
cuspatt has width 2

#206At BinequivalentslesarTo
is ve see

V
some collap sing.

and the number inequivalent cusps is

h - [Y((v ,w) where I is the solar -fet
-

①
V

vw = 9 - vIq and I = w

Po Write the representatives [ = ( *** )
(i) + = ( * )

.

Then (*** ) (00)
=

1 are cusps

Then the rational points with v19) (us) = 1> umod I
V

one cusps .

Suppose = (8)T

()= (ra< P)(i) - = o(q)
S

E To (9)
Then v = wn + 0 => V (vand v(v/ = v = v
Also, 8 I mod 9/

(5 = 1(q)
Now u

= <n + BV = Cu mod
↓
Eu modg = u modV =which prove the result.

Exercise The # o such (4,V) is h.
-

# To(2) h = 2 Y((v,ws) = Y((1) + y((( ,2) = 2
-

Vw = 2



The spaces Mg(To(N), XX) and Sa(to(q), x) To

D - is holomorphic on ge

② f(j(z) == (az + d)
- 2 f (52)

.
Then (f (b)(z) = X(0) -

i -(0z) = x(x)(z+d)kf(z)we ro(q)
& f is holomorphic at the cusps, which one the orbits of To(q)

acting on IP'(Q) we need to explain what it meansI

Now, X is a Dirichet character modgie

⑫X : (2/g*)
*
->* extended to 2

by ↓ (a) =X(a modq) (a, q) = I

X(a) = 0 (a , q) + 1

+ xk +(z),
some also takeX= (1)E

, if not the spaces are empty

knowexplain b

Let of be a cusp and telP(Q) a representative.

To(q) t = Swe To(q) : V+ = t 3

Takesle(2)It we o = t .
Then We tola)I've

t

ESh(2)and

NE'TopOtSLe(2)00 = <=(i) Of

=> Vetoet-St('bmt) : be z] HasI

A thisos not depend on representative , and wewold

is called Hos &SLI(k)witeToThegroupthe cusp. dy

Enterpretation #(a) = Gr(t)
reRq



8.The number of copies r(F) which touch each cusp of

is the same for equivalent cusps and it is ma
-

Let o be a cusp a width Ma . Choose E & andW+ESLz(k)
, No = t

Claim ((r
+
) is invariant under that action of Hol.
&generator He

Let Up= ) ! mol)t Then UtUgWE= E to(g)t byI

q

((et) (v = f(n-
= f(ux = (()(v

=

= x(5)-(e
and) fly is periodic with period mos.

9

&

Nmak* + 0 as EveTo(q) = U = (a)
= (ap) = 2

2= 0(q)
Write x (5) = e(ka)0xka(1

Than el-Koz) f/dg(z) is periodic of period has

etkpz)f/d can be expressed as a Laurent series

in
901 = exp(z) , as we did before for the cusp o

((ra)(z) =e(z)
feMa(Tocq, x) (slia)(z) = e(kaz) a(n)
JESa(5o(q),x) ·(f(ja)(z)= ag(n)

In fact, thecondition for cusp forms n= 1

is needed only for KoltO since he already nave exp decay whenaFo



9.
Reat By using the seeingmatrixG of the cusp

ESL (IR)
,

related to

(tmaaa

getthat the generating series ateach
cusp

has period I

It can be written as
8

Z acm) e(nz)
n = 1

Heoperators forMeCrox)& Se(To(q) >x)

Frp = (b) > x(p) =Xa) ·
Then

,X(p)= 0 if (as9) #1
,

and

Tn(f) = nE +

[[(p) -1) taties for EryAn =

represen
T

P- An = [() : adon
, opbsd3

=n we() : 19
Sad = n

,
0 = b) d 3

Recall AnXT =+ +X An

+ + Xn
,

+ e + 70 1 ft = tp

Sines AEXTo(a)> To(g) X An

I can be shorn by looking at the formulas for explicit

intermining in Iranical

IAm 6.16 The Heck operator Th =Th
**

is s :

Th : Ma(To(q) , x)-> Mx(to(q)xx)
Sp (To(g) , X) -> Se(ro(q)X)

Roof same as before, using the intertwining above
,

and
ex decay is preserved by slash operator. It



=(d)-T The multiplicati,

10
.

os not depend on wherethe operators act
, and still true

-

Heace,
all secke operators are generated by

E- 1

T() =

P [[X(a) f (+b)k2 phe
ad =

poxb > d

= [4(a)abad = p

k- 1

= [ -(b) + x(p)p -(pz)
0-b< p

or Tp=(b) + xp+ (i)

Ep1q them x(p= 0 and Tp=[
which is

why we

need the and using Tm Th = [x(d)"Tcharacter
d((m

> n)

reget TpTp = Tp, (Tpr) = (tp)
Thm Let > 2

,
X(+) = (1)?. For all mzo and nzl,

we have

#m= x() (P
d)(m>n)

& whatoo we mean by Pm = Dm
*&

here ?



*ncauseite(mtz)
11 a

&(b)3
Toto(q

#of As before
,
with obvious modifications. Ease

# ER(z) = [ [CT) je(z)'
&

is an Eigen
fet

Too (o(q)
k- 1

I all in with eigenvalue +L-1
(nx) = [*(d) &

din

#Inq (sameprime factors)
3

then all divisors &f (m> n) are not sprime with g ,
except the

divisor 1 s for X() in out to be nonzero
, we

= did/(m, n) contains thevalue nem.
Then if my1 and /90 and him

TnPm = Pm/n
I (n, 9) = 1

,
then X() = X (n)X(d)"Since (69) = 1

,
and

TnPm = x (n> nE-1

[ *(d)d*

P
d((m

,n)

& If min>1 and myq)= 11
,
then · * before since

the formula is
X(m) mk-ThPm = X (n) n

*+

Tm Pr almost symmetric
he now need the adjointoperator such that

in m
, n

< Tnf < g) = < f
, ing >

he could redo the proofs that we did for Str(2) and get
<Tn f

, g) = X (n) <f>ing) if (n,g) = 1



But then
, we will get a result only for the cusp forre in 12s

Sh (To(q) , X) which are generated by the Poincare series

Pm(z) withMe= 1
,

whichonethe crspms .

But this can befixed (see Imaniec),
and we get

This (ma =1 andat See (Tocqx))ae
Then

<Tnf
, g) = X (n) <f) Tng) = < f,> Tugh

If theadjoint & Th is Th*=(n)Th
ThenIn is normal (commutes with its adjoint) ,

and
*in>

"2
Th is self adjoint .

Remort Applying The with an eigenfunction f = g + 0,
we get

< inf
-
f) = Xn(f

> f) and Jf , *(nixn7f] = x(nin) <f
, f)

=> x(n) = x(n)u) (n> q) =1

Thm In the space of cusp forms Se(To(q) ,X)
, there exists

an orthe normal basis# which consists of Eigenfunction
for all the Hacke openators in with (nq) = 1 (as before

New forms and oldforms
linean algebra

-

-> ESa(to(q ,X)dergen form
-

⑫ Thf = x(n)f (n
> g) = 1.

The if f(z)= acme(mz) the

x (n) acm) = TX(d)dk+

a()(a) = 1
d(cm

,m

Form= ! X(n)a() = a(n) , (m9) = 1
.
If a(l) + 0

,
then we

-

can normalise stack = 1 and X (n) = acn) for all (n
> q) = 1

so the acry have a lot of arithmetic from the Th
.
Cmretiplicative ! )-

Aut ack =of = 0 i it is possible that the Fourier



expansion& is only supported on acn) with (n(g))/ 15 a

Those aretheforms associated with monprinative (induced
from alower level q' 1 g) characters X

.

Take X be a character modulusa which primitie
It X is periodic mod a 'for q'lq
Ex xp = () Legende symbol is primitie mod p.

non primitive 2 >h /exactly the same
# is also a character modulop or 1

↑

character) or mod pr for any reXx11) differs at (hr)#1)
.

Let The conductor ofX modulog) is the smallest integer d>
# X is periodic modd i X(m) = X(n) for men (d)-

#be a character mod
q which is primitive

-d (n
,g) = (m

, q) = 1

Think
-

&q
*, (2) = x()

3

Then f(z)eSa(Tolg-,X] => f(dz) -Sp(To(qbcX)((q) = 1
-Proof

f(dz)(y =

-(8p)(88) = + ((8)(oi)
·(a) = 4

To(q)↳ ↳ To(q)
Y

since * ↳
ETo(q) since = O( ,)(2,

2)*= x(d) + ((j) = f(dz) -> Su(to(q) ,x) =>(, ) = 1

Now if +(2)= acm > emz) (at some cosp),m= 1

them
f(dz)= ame(ma()e(mz)

m = o(d)
-

Le (m, 93 > O always
Such fore called old forms.
-

If Se(To(q) ,X) is the Linean
space spanned by old forms

S

then let S(Tolgb, X) bethethogonal space (wir to

Peterson's inner product) .



Thm Se(to(q) + x) = Se(to(q) , x)#S (To(q) ,x 14
a

and both spaces are stable under the Hacke operators
Tn with (n> 9) .

= /

#of One can cheat directly thatTh : So - Se
and since Tn

*=(n) In (the adjoint),
if + E St and ge st

↓0 = >Tn + (g) = (f)Tg) = T ge(s) = Si
= O Since Tnf

Esb

-e Eigen cusp forms for primitive X

Then S(To(q) <X) = Sg(ro(q) ,x)
*

Tum IffeSq(to(q) ,X) is suchthat acn) = o

for (n> g) = 1 > Then - = 0 ! -

roof

Write fl
=

= x(t)- for t = (2) = To(q)

5)(cz+ d)
- 2

= X(d)f(z)
and replace z by E to get

z
-

f( - ) = x(d) +(z) = x(d) + (E- )

and uniting the forrier expansions at both sides give

zam)e(-) =X(d)m=

with Osc = O(q) (to avoid dividing by 0 ... )
and ad 1 (c) (determinant 1)



Using =9and summing over a moda , casg) =
15

.

when ad1(q)=(q) > inversemoda

#s acn [()e) e
(a, q) =

~

[xia)e((a
, q) = 1

a mod
a

If ((ng)= )
b = - an give

2
(ba = ,
X(Ye() = x( -n)[x(b)e(j)

↓
modg means x(D)[(n) g

Gauss sum [(X)
# X is primitive this is also true--

for (m9b > 1 it forall Exercise
-

=>ann(x)e(
since ach) = 0 (n

> q)= 1 hypothesis
-

X(n) = 0 (n9))) chan & modulus
9

and RHS = 0
. By Unicity of Former expansion,

this implies that LHS vanishes) where

HS =z-ame
(a

,q) = 1
a mod a



when Ca(m) = [e() RamanujanJ sum

16
a

(a,q)= 1

a mod
a

Exercise If(q) = 1
,
then

(q(m) =M))4((m,9)

and in particular (q(m) + 0m

=> acmy=o for allm !! "

Ef 9 is not sty more involved argument
(Iwanied

#emart If X is primitive order Is then

and (X) is SF away from 1.

Ex Primitize chang order 2 mod ph, k*1 , P*
2

X = () Legenda symbol of conductor p

Primitive characters of fordn 2 mod 23
, 61

*4(n) =
1n = 1(4)[- n = 3(4) #

Gr iff 0 an Eigenfunction of all Heck operators
# (n

> 9) = 1
,
then ally 0

,
since all = 0

an ach) = acisx (n) F (n
,9) = 1



implies acns =
0 F(nq) = 1 = f= 0 by The .

"o

#sofrom

Thu
,

- is determined uniquely by theEigenvalue-

& In for (n(q) = 1 (mtiplicity principle)
using f-g for f inThe

Thes in (Tm(f)) = in (Tmf) = x (n)Tm (f)

for (n - g) = 1

=> Th (f) has the same EV as f for (n
, q)=

=> Tm (+) = X (m)f

Thisleads to

The If - E Se(to(q) ,X) is an eigen fet for

all in It (n
,q) = 1) Then f is an eighfol

for all Tmc 1
Tm (f) = X (m) f

Besides the Hecke operators , we need the

Fricke (or Attin-Lehner) involution :

Let Wf = flo where w = (o
= det(w)b2(qz)- f) -y)4 To(9)

since

= gk2qkzk -( -Yq)
det = 9

=q
-k(2 z = (Y)



since
=

= (5)(qj) = (10) 18
=> we (f) := f(xz = qk( - q)3 f(z)

= (-nkf(z)

↓

breoverw To (q) = To (g) w

It wT= -'W where e=(G) ,
2= (d-)

Then for fe Sk(to(q) ,X) and TE To (q) >

#10) /
=

= floe = -I
ea

= X(t) flu
= Y(I) f/w

and
W : Sa(rocqb

,
x)-> Sp(o(q) ,Y)

Furthermore
- >WWE

in Se (Tolqx)

# If (n > q) = 1 , then

W = X(n)T w
Le

WT
Y (f) = nE -

[ [(p) flow
PAn

in
*
W(f) =

nE+

[x(p) - /wp
Pt Xu



19 .
and more intertwining.
(see Iranies)

To deal withX & X
, define the complex conjugation

operator .

W

(kf)(z] : == (- E)

If f(z) = [acn)e(nz)
,

then (f) (z) =

[eTECeix

Since
=min(x - in)=- e

=
earix + iny)

= e(nz)

Experties KXf =Y*f Xe K

②ki = 1
,

wa=w

③ K : Sp(to(q) ,X)-+ SG(rocp ,
[)

&
< kf, (g) = <f

, g >

⑤ KThY = Tn W for all m

&= W
.

Them

D= 1, nf = nuf for me

② : Sh(To(q) , x)-> Sp(to(q) , X) d
③ Th = X (n) Th if (n

, q) = 1



Now suppose that - St(to(q) ,X) , FFO,
is an Eigen 20.

function for all In with eigenvalues x (n) for (nq)= 1.

ThenIn Wif = X (n) [Th (f)
= X(n) x (n) f

= x(n))of
(6. 57) Ex(n)f (n

, 9) =

Ief is an eigenfunction of Th with eigenvalues
same as f for (n

, 9) = /

=> If = of by multiplicity one
.

Mm If f is a Hectecusp form in Sa (Top , X)
,

themof is also an eigen functionof
if = Mf .

Furthermore
, 121 = 1

.

# he just proved the statement except the furthermore :
By the above properties

- = 2- = wnf = mif = inf
=> (nm) = 1

.

-

Fuml The eigenvalue of the involutionfor -> Sa(to(q)x)
a normalized Heater eigen cusp form is given-

by - 2/2
m= T()x(9)9

# Again some matrix decomposition

C↓9)(
-

]) (oY)=ucuri, a
where we choose UVEI (q)



# the matrix Mon RISE To (g) .

21a

Theni 1(o *9)(: ) = +
M(j9)

since - S2(To(a)>X)
.

= x(v) f(( -

ya)

Summing over

umoda , (4
, 9) = 1

,
he get

g = 2 f
umoda (19)(0 -

1)
uv= <)(u

, q) = 1

= 2 x(v) -((6 -

4)
v mod

a
(r, q) = 1E

not needed
because of X

->
Since f

isnormalizeda
and

using f(z) = &X(n)e(nz)
the Farrier

expansion

-RHS

g(z) = [X(v) f(z- )
umadq

=[x(m([x()e( )]ecuz)rmoda

= x(n) = (n
,
x)x( 1) e(nz)



=> x(- 1) [(x)x(n(n)e(nz) since X is primitive
220

24553)

=> kgel =X()) en

= ,

->:= Sq(f)
= T()Sq(f)

#Es use [ucd =[(9) dku, 9)

and some motix computation whichmake(1) appear
,

he get another expression for g ,
and then k and then i

which is -
g

48(any= [()(Sqf)(z)

Combeing the first FC : <(*) x (1) = mctg) 91 -22x(1)

·
and the result follows.


